
r I  now in p osi t ion to ana lyze  the control  problem for the

syst -nn ( -: . 3), ( 3 .  11), (3 .  13) wi th  the ,id of the- d u a l i t y  r e su l t s  e n ho d i e d

i i i  Fh - r i - m s  2. 6 nod 2. 7 of the  pr eceding sect i on . k ’  r d i r r g  to those

t b - - to r u s we may o tudy  the control problem , in t h i s  case that  of s teer ing

2 * *f r a n  w
0 

L ([0 , 1]; £ ) to w1 
= 0 , by enqu i r ing  whether  {C , S , Z, Y, x}

Is l i s t i n g u i s h a b l e  or observ ab l e , respect ively,  i. e. , whether  ( s ince

* ~D \ ( 1) is n o n s i n g u l a r  in (3.  2 8))

t )  = 0, t [0 , T] v(x , 0) = 0 , X E [0 , 1] (3 .  2 9 )

or , for some K >  0

II v~ (1 , 2 > K II v( . , 0) 11 2 , (3 .  30)
L ([0 , T]; ~~~ L ([0 , 1]; E n )

respect ively.

We will  f i rs t  consider  the case wherein

B*(x) = A’(x) ,  x € [0 , 1] , (3.  31)

which , of course , Includes the case where A is constant and B = 0

Defining the character is t ics  c
k (x , t) as before we see tha t  for ( x ( t ) ,  t)

on a charac ter i s t ic  c
k we have

kd k av dv
V (x( t ) ,  t) = —

~~~~
— (x ( t ) ,  t )  — X

k
(x ( t ) )  —b—— (x ( t ) ,  t)  = 0

since (3. 23) gives - A(x) = 0, and A(x)=diag (>~1
(x), 

~~~~ 
\ ( x )) .

This means that  vk (x (t ) ,  t) is cons tant  on a characteris t ic  ck , thus

great ly s implifying the behavior of the solution v

-34-
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i n  ~~~~~~~~~~~~~~~~~~ F r  I = p . 1 , ~~~~~~~~~ • .. , ~~ P t  T , e t ho ar o u s e

:- s i t i v - nu m b e r  such t in t the  so lut i on x ( t )  of

dx
= _ \ ~ (:~: ) , x ( 0 )  1

s n t i s f i e s  x (T ~~) = 0, and - r  i = 1, 2 , . . . , p let x(T . )  = 1 . Far

= 1, ~, . . . , p let P be the  largest  inteq r in the set {p+l , ... , p~~q }

~~ij *
such t h a t  the  component  (D

0
) ,  a i tho m a t r i x  D

0 
(c f .  (3 .  2 4 ) )  is non -

- i f  such an I ex i s t s .  D e f i r ~’

~~~~

. 

~ T~ , i~ e x i s t s

[T; eth - r u i s e ,

a n i  let

+T = m ax {T . ,  T .}  -0
i €  ~p+l , . . . , r - + q )
j E 1, 2 , . . . , p }

~“ ss u rn ing  (~~. 31), if T < T the d i s t i n g u i s h a b i l i t y  property (3.  29)  (and

hence the observability property (~~. 30) also) cannot  hold.

The basic i fea h r r~ is the construction of path s whereby ‘in f o r r n t i e  0

can be sent from the t e rm ina l  s ta t ~ v
1 

= v( , T) t the in i t i a l  s tate

= v( . , 0) wi thout  en c ou n t e r i n g  the  bound ary  x = I where the obser-

* + ÷v at i o n  D ‘- (1) v ( 1 , t)  is t ken.  We will anal yze onl y the case whe re,

fo r  some j
0 and i . , v-e h av e  T

0 = T~ + . Refer r ing  Lo Fig. 1. 3J o j J O
we note tha t  if T < T0 

0

- ~~~~--~~~~~~~~~~~~ --- - -~~~~~~~~~ -~~~~~~~~~~~- - - - - -  -~~~ _
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t = T p

7
t = -F

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(1 , 0)

Figure 3. 3. Diagram for T <

the characteristic c. (1 , T0
) meets the line t = T at a point (~~, T)

J O
< 1 . We def ine  a te rminal  state v( .  , T) = v

1 
by

10 if k~~~j
0 or if k = j 0 

and

v~(x) = x ~ (~~, 1 ] ;

L I  if k and x E ~~ 1]

Since is constant  on cha rac te r i s t i c s we see that for t > T - T
J O

the only non-zero part of the solution v is the component v , which

equals  1 in the str ip between c (1 , T
0

) and c4 (1 , T) (and is equal to
J o ‘0

zero outside that strip) . At the boundary x = 0 we have

-3 6- - 
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v~ (0 , t)  0 , t > T
0 

— T , , 1 , 2 , . . . , n

v~~(t ) , t )  0, t > T - T~~, ~: 1, 2 , . .  . , p, k �

v O ( )  t )  1, T - T , < t < T -

0

k
‘.v c o n s i d e r  - om p o n e n t s  v , k E {p ’ 1 , . . . , p+q = n}  r e l a t ed  to

J o
V - i t  x = 0 by t h -  b ou n dary  condi t ion  ( 3 .  2 1) .  Sinc e 1 - d O)  is d i agona l

the n r -  n a t i o n s  L iken  in - i e f i n in g  th e  T . show tha t  t b - se ~
k re la ted

t -  a ch - n r  i t e n i s t i o  c k
(O , s), T - T . < s < T0 - T . , whi ch  could meet

J O
t he -c - q m -  n t  x = 1, 0 < t < T

0 , a n -  r e la ted  to v 0 by a zero coe f f i c i en t

~ — l  ~ —

in th e  m a t r i x  ( A  (0) )  A (0)  . This enables  us to conclude

v~ (l , t)  0 , t E [0 , T} .

On the  o t h er  hand we shall  have
i . i .

10 ~
- -1 * -

v (x , t ’) (A (0 )  D 0 A ( 0 ) ) ,
J O

between the charac ter i s t ics  c , (0 , T0 
- T~ ) = c . ( 1, 0) and c , (0, T - T .

1, J 0 1.~ i. J o-J o ‘0 ‘0so

v 0 
= v(~~, O) � 0

and thus  ( 3 .  29) does not hold.  The other possibil i t ies for T0 are

analyzed in a comparable  manner .

For a positive resul t , we have

Proposi t ion 3. 4. For i = p-f l , p-~2 , . . .,  p+q let j .  be the largest

in teger  in the set {l , 2 , . . . , p} such that  the component  (D 0 )~ of the

- 37 -
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n - ~t r i x  D 0 is  n o n - z e n ,  i t  it - x i s t s .  L e t t l r j T . ,  i H I , . . . , PH

T . ,  j 1 , 2 ~~- , P’ - i e f r n - - 3 is in P r o p o s i t i o n  3.  3 , P t

1T ~ , J - ex i st s ,
= 

i I i 1

‘t h - r w i s n

an ’i  let

T
1 

= max -~I., T~~} . ( 3 .  3 2 )

i€ {p ~- l , - . . , p 4 - q )
j €  ~1, 2 , . . ., p}

If T > T1 we have o b s e r v a h i l i t y  in the sense (3.  30).

F cm nk . The L i m o  T0 of Proposit ion 3. 3 does not , in general , agree

with the t i m e  T 1 def ined here . This ra ises  the ques t ion , unresolved

at the m o m e n t , concerning the identification of a “ c r i t ica l  t ime ” Tc

such th at  observabi l i ty  hold s if T > T and does not hold if T < T
— c c

Such a - :n i t ical  t ime T can read i ly  be shown to ex i s t  but no sa t i s f ac to ry

charac ter iza t ion  of it is avai lable  at th i s  wr i t ing .

Sketch of Proof. Suppose t h a t

S v 1 = v(0 , T)~~~0

Su ppose , the n , tha t  x € (0 , 1) and k are such that

kv (x , T) # 0 . ( 3 . 33)

If k € {l , 2 p} the characteristic c
k

(x , T) (1, T) ,  0 < T < T , and

then vk (l , T) � 0, so that  v ( l , T) ~~ 0 . Since (3.  25) is sa t i s f ied  at

(I , -r ) ,  we will  have

- 3  ~~~-
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V ( 1 , T) I I)

On t he — t b -r h - i l , if  P € { p ’ l , . . . , j o q }  th e , s in ce  T >  T~ ‘,‘;.- will

h ive t h - - c h r n t - r i s t i  c ( x , fl n Or -ti re ; x = 0 at some nf nt

0 < T
1 

< T - n i  ~
k 0, T

1
) 1 0 . T h u e  ( 3 .  2-i ) is s a t i s f ie s  it  X = I ) , sa r is -

com i )n n nt (D 0
)~ r f  D 0 

i s n o  - zero - m d

V
1 (0 , r 1 ) 1 0

N a .’.’ ( 3 .  12)  sh u . ’.’s th  i t  T 1 ~ T T ç ar i d  since T > T 1 , c 1
( O . T

1
) m et s

x 1 at  a point (1 , T
2

~ wf ’h  0 T , ~ T nO , since is c o n s t - m n t  or

C (0 , T
1

) ,  - u -  - hav e -  v~ ( 1 , T
> ) � 0 . Then , as before

v ( l , T )  0

In e i ther  ca se , by l e t t i n g  x v ary  in some n an - n u l l  subset of (0 , 1)

where (3 .  33)  hold s , we see tha t  v ( 1 , ) is not the n u l l  e lement  of

L
2

( [ O , T] ; E
CI ) and ‘ i i s t i n q u i s h  P1 1 Py , (3.  2H , has  been prey ci. A

s l igh Cy  more ca r e fu l  a n a ly s i s , keeping t rack of the norms in v c lv e d ,

e s t a b l i shes  observabil i ty ,  (3 .  30).

The du a l i t y  theory of Sect ion 2 then gives

Corol lary  3. 5. For the h y p o r n u l i c  control  sys tem (3 .  3), (3 .  11), ( ~~. 121

there are pos i t ive  number s  T0 and  T 1 
such t h a t  the problem of control

f rom an a rb i t r a ry  w
0 

€ L
2

([0 , 1]; E~~) to w1 
= 0 dur ing  [0 , T} is  n~-t

solvable if T < T
0 

and is solvable if T ~
‘ T 1, pr ovided ( 3 . 31) is V lid .

Our next  t a sk  is to see if the  r e st r i c t i o n  B ’ (x l  A ’(x ) can be re-

mov ed.  This is  do n e in L w -  s teps .  One f i r s t  cons iders  the c-i so -.~‘her e in

—
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B (x )  — A ( x )  is i i  n~~ri i i  I i .  e. , B(x)  is di - ; a u a l , s ince A(x ) is a l r e a d y

in th i t  f — n  n r ) .  H - r e -  the  proofs  of P r op o s i t i o n  ~~. 3 and 3. -1 are v i r t ua l ly

u n - h m r ~- ;o 1 . A lthou gh the v~ a n -  at  con sta n t on ch ar a c t e r i stic s ck

they never the les s  s - m t i s f y  uncou pled sc i l - i r  l i nea r  homogeneous  o c u a t i o n s

( x ( t ) ,  t)  = (B T (x) - A’ ( x ) ) ~ v k x (t ) ,  t )

and hence there are positive such that

< 
v x ~t~, 

~ 
(3.  3-i )

V ( x ( t ) ,  t)

whenever (x ( t ) ,  t ) ,  ( x ( t ) , ) lie on the same character is t ic  C
k 

. The

re la t ionsh ip  ( 3 .  34) is clear ly  j u s t  as usefu l in the proofs of Propositions

3. 3 and 3. 4 as the constancy of k on ck 
which we assumed there.

The next steps are somewhat  more subtle and are in the nature of

a perturbation argument .  We have to divide our result  into two parts.

Theorem 3 .6 .  For the control system (3. 3), (3.  11), (3. 13) and associated

dual  l inear  observed system (3.  23) ,  (3. 24) ,  (3.  25) ,  (3.  28) we do not

have exact cont ro l labi l i ty  to = 0 and observabi l i ty,  respectively,  if

T < T
0 

. ( However, this conclusion is not shown to extend to lack of

oximate  control labi l i ty  and d i s t ingu ishab i l i ty ,  respectively. )

Sketch of Proof. Let the operators  S and C be defined as in (3 .  27) ,

(3. 28) for the general  control sys tem and let the nota t ions  Sd and Cd

-40-  
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be employed for the opera tors  re la t ed  to the corresponding “d i agona l ”

sys tem where in  (3 . 2 3 )  is r ep l ac e d  by

av
= A(x)  ~~

— 
~
- (B (x) - A ’ ( x ) ) d V

where (B (x) - A ’ ( x ) )
d denotes  the d iagonal  part of tha t  matr ix.  A

somewhat  involved , but not conceptua l ly  d i f f i c u l t , a rgument  allows one

to see tha t  the operator  d i f f e r e n c e s  S - S~ , C - C 1 are both com pac t.

When T < T0, as in Proposition 3. 3, a s l igh t ly  more careful

a n a l y s i s  shows tha t  there is an i n f i n i t e  d i m e n s i o n a l  subspace , call it

Z0, of L2 ( [0 , 11; E~ ) such tha t

S~ v 1 II > K1 
v1 2 n V

1 
E Z0 , (3. 35)

L’( [O , 1]; E ) L ( [0 , 1]; E

for some K1 > 0 , while
C~ V

1 
= 0 , V

1 
€ Z0 . (3. 36)

Wit h (3 .  35) ,  ( 3 .  36) t rue , it is a s t a n - l a r d

exercise in f u n c t i o n a l  a n a l y s i s  to show that  we cannot have (3. 30) if

- S~~~ and C - Cd are both compact .  The conclusion that  we do

not have observabi l i ty  of (3.  23)  - (3.  28) ,  and hence (exact) controllabil i ty

of (3. 3) , (3 .  I l ) ,  (3 .  13) for T < T0 
follows. Note however that  one can-

not show tha t  ( 3 .  2 9 )  is fa l se .

The general  cont ro l lab i l i ty  resu l t  for T > T1 is considerably more

complicated.  Before s ta t ing  the theorem we present an example to show

that  th i s  should , indeed , be the case. Consider  the two d imens iona l

system

-41- 
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= (~ ~
) ~~ (~~~~) ,  0 <  x < 1, t > 0  (3. 37)

w i t h  boundary condi t ions

v’(O , t) = 0, v
2

(l , t) = 0 (3.  38)

and observat ion

* 1 2
C v1 = C v( .  , T) = V (1 , . ) e L [0 , 1] . (3 .  39)

Here one readi ly  ver i f ies  that  we have observabi l i ty  for T > T1 = 1 . Indeed ,

no mat te r  what  V
1 

= v(~ , 1) may be , we have

S* v
1

= v( . , O ) = 0

Thus the observabi l i ty  condition (3. 30) is sat isf ied , as it were , by

“ d e f a u l t ”  on the part of S rather  than  by any “ strength” of the ob-

servation operator (3.  39). It is perhaps not surprising,  then , that  a

small  perturbation in (3. 37) yield s a system which is not observable.

Indeed , for c > 0, let (3.  37) be perturbed to

1 1 1a (
v 

) = ( 1 0 ) 
a 

(v 
) ( 0 C~ (

v 
) (3  40at 2 0 - l ax 2 0 0  2 ’v v v

with the boundary conditions (3 .  38) and the observation operator (3. 39)

being re ta ined.  One may then ver i fy quite readily that  if we give the

terminal  state

v’(x , l) ~- ( l -x ) ,  v2 (x , l) 1, O < x < l

the effect  of the coupling of v1 to v2 in ( 3 . 4 0 )  is to give

v’(l , t)~~~O, O < t < 1

-42 -
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t ha t  C v  0 . But

1 1 - - cxv (x , 0) v (0 , x)  - 
- 

x 
e ~it  = —

s: v ’(x , 0) , and h ence  S = VP , 0) 1 0 . It fo l lows  tha t  ( 3 .  - 10) ,

(3 .  3 5 ) , ( 3 .  5)  i s not e v en  d i s t i I ~~U i s h a b l r d  on [0 , 1], for any  r > 0

We f i r s t  -~t t e m p t  to rule  out t h i s  s - n t  c~f beh av io r  by st r ’- n ’ 3 t h e nj r i s

*
-$ . This  we do by a s s u m i t q the  sys tem (3. 3) , ( 3 . 1 1) ,  ( 3 .  1 2)  to be t i m e

r e v ~ nP , the r e q u i r e m en t s  for which we have set dcz.’.’n e a r l i e r .  The-r

the op e r a t o r  ( 3 . 1-1) genera tes  a g roup  S( t )  for t e ( - c’, ~ -and S, S*

a re i n v e - r t i~~1e. In f ac t , wi th  S 1 r I S d e f i n e d  ear l ie r , we shal l  have , for

2 n
V

1 
E L ( [0 , 1 J :  E ) ,

~S J v1 I~ 2 n ~~ 
Nl d lI V l If . (3 .  i i )

L ( [0 , 11; E ) L~ ( [0 , 1]; E

Theorem 3 .7 .  Let ( 3 . 3), (3 .  11), (3 .  12) be t ime reversible (see note in

s t a t e m e n t  of Theorem 3. 1) ar i—1 let T > T
1 as described in P r op o s i t i o n  3. 1.

I h e - n  ‘ he r  i -  an c > 0 , d e p e n d i ng only  on T , A(x) ,  the d i a g o n a l

e l e m e n t s  of B(x) ,  and the mat r ices  C
0 , C 1, D (cf .  ( 3 . 11), ( 3 .  12) , ( 3 . 13) )

such tha t  if each o f f - d i a g o n a l  element  b~( x) ,  i -
~ J , s a t i s f i e s  I b~(x) e c

x E [0 , 1], then  the sys tem ( 3 . 2 3 ) , (3 .  i~- l ) ,  ( 3 .  2~~) , (3.  28) r ema ins  ob-

servable on [0 , TI ( e q u i v a l e n t l y  (3 .  3) , ( 3 . 11), (3 .  13) r e m a i n s  c o n t r o l l a b l e

on [o , T 1).

Sketch of Proof. Since we have observabi l i ty  for the d iagona l  sys tem

we have

— - 1 3 —
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r-~u t e -~ The n - r n  3. 2. f e l l  we--  I by t b  - obs e-  v - i t i o n  tha t  so lu t ion  of (-1 . 2-1 ) is

c - a r u i v a l e n t  to so lu t ion  of  the  c on t r o l  n c b I e ’ m , pr - v in e - s  another  way of

e s t a b l i s h i n g  the ex i s t ence  - f h ior thogon l3 l f u n c t i o n s  p1 
sa t i s fy ing  ( 4 .  17);

the f u n c t i o n s  P~ I r e -  pr o  2i sely the c- n t r o l s  st e e - r ing the zero in i t ia l

St e t c  to  the f i n d  s ta te

1 -f

~ ~ 
k

I 2 - g~ 0
( 

- g~ 6
\ w ( . , 2 ) /  k = - -~

Thus the r e l a t i onsh ip  between control  theory of hyperbolic  systems and

harmonic  ana lys i s  is a two-way a f f a i r .  One can begin with re sul ts  in

ei ther  f ie ld  and infer  corres ponding r e s u l t s  in the other. In Section 8

this  program will  be carr ied out  in connec t ion  with a more complex

co ntrol s i tuat ion.

Not all control problems for the scalar  wave equat ion (4. 4) can be

treated in the context of (4.  1). If we take  (4.  4)  with boundary condi t ions

w(0 , t) = w(l , t) = 0 , for example , the r e su l t i n g  moment problems involve

only e~~~
1t

, k ±1, ±2 , . . . ; the funct ion 1 is miss ing .  Control is

not then unique  even for T = 2 . If we take  a 0 
= a 1 = 0 , b

0 
= b 1 = 1

in (4.  5) we have a mul t ip l e  zero e igenvalue and the moment  problems

involve the func t ions  1, t , e
k
~~

t
, F = +1, +2 , . . .  . These func t ions  are

not indepe ndent  in L
2

[0 , 2 ]  and control is possible  only if T > 2 . (The

eigensta te  w = 1, 0 is suppressed in pass ing  from (4. 4) to (4. 1)

via w1 
= -

~~~~~~ w2 
= —b- ~ These and other  problems of the same sort

St ‘

are d i s c u s s e d  in [87] . There - a r - a l i n c i e -  n u m b e r  of open ques t ions
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o n s o c i m t e - d  wi th more complex sys tems  wherein the e igenvalues  of the

g e n e r a t o r  of the semigroup  occur as several  sequences of the  type ( 4 . 9 )

bu t  with variou s asympto t i c  in te rva l s  between the members  of the ind iv idua l

sequences — or the e ige nva iues  may occur in c lu s t e r s  with the c lus te rs

t h e m s e lve s hav ing  an a sympto t i c  separa t ion . Some rather  nice theoret ical

n- - s u i t s  have been obtained along these l ines by Ulr ich [107].

We- have noted earlier , in Theorem 2. 9 , that  if the f ini te  d imens iona l

l inear  control  sys tem (2 .  1) is controllable then not only is it s tabilizable

but the eigenvalues of the closed loop matr ix  can be selected at will  by

appropria te  choice of the feedback matr ix K . We are going to complete

th i s  section by descr ibing a comparable result  for the system (4.  1), (4. 2)

(-o r , equ iva len t ly,  for ( 4 .  2 l ) - ( 4 .  23 ) ) .  To motivate the procedure s which

we will  use , we br ie f ly  review the proof of the “ spectral a s s ignment ”

property claimed in Theorem 2. 9. We do this  only for the case of a

scalar control u; the caso u E E
m is ful ly  t reated in [6], [111].

Thus we consider the sys tem

k = Ax + bu , x E E~~, u E E’ (4. 2 6)

and the closed loop sys tems

*x = ( 4  + bk )x (4.  27)

obta inable  from (4.  26) with use of l inear  feedback  re la t ions

n
u = k x , k E E . (4 .  2 I~)

We assume (4. 26) to be controllable.  Then
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= ( f ~f l l ~ A
0 2 .

b , . . . , Ab , b)

i s a n n -  - i t  s i ng u l a r  n —~ n rn t n i x .  It b ea r s  a de 1inite r e l a t i o n s h i p  to t h e -

op en  s t a r  e2 d e f i n e - ’  I j u s t  p r i c e r  t c - Def in i t ion  2. 4 , r e- pr e: se n n t 1 n c ~, as it

t - e-~~, a sor t  of ‘ ,:‘o n t r - l t -~ at  d t c ” map.  If one cons id er -s ‘ i i st r i b u t D  ni

va lued -con t ro l s  wi th  {o} as support ,

— l  n - i  — 2  n -2  — n
u = ç  L~~~~~~ e~~f,

(
~~ 

is the D i r - c c  “de l ta  f u n c c t i - ~n ” wi th  {o} as support and is i ts

k -th  d c - n  i v - i t i v c :  in the sense - f  the theory of d i s t r ibu t ions )  and a s s u me s

x ( 0 - )  = 0

one may readi ly  verify that

— 2
x ( O + ) A bç -~~A b ~~~~+ . . . + b c C

Since C is n o n s i ng u l a r  it can be used to t r a n s f o r m  the dy n a m i c a l

sys tem (4.  2.6 ) i n E n into anoth er  system in the space E
n cons i s t ing

of vectors

— 2

Indeed , p u t t i n g

-7 1-
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x =

( 4 . 2 6 )  become s

= AC~ + C ’bu A ~ + b u  . (- 1 . 29)

Sinc e the last n - 1 co lumns  of AC agree with the f irst  n - 1 columns

of C and since b is the last column of C , A and b must  take the

form

i - a 1 1 0 0 o \  1 0

-a 2 0 0 0 0 0

A =  b = e  ( 4 . 3 0 )n

-a 0 0 0 1 0

\~~ a O  0 0 0 ! ,  1

where a , a , . . . , a , a are such that
1 2 n - I  n

A~ b + a  A
n l

b + . . .  + a  A b + a  b = 01 n - I  n

(and hence are by the Cayley -Hamil ton  theorem , the coeff icient s of the

charac ter i s t ic  polynomial of A (and A)).  The equat ion (4. 30) consti tutes

the control normal form for the system (4. 26) .

The next step is not par t icular ly easy to motivate a priori. We let

-72 . -
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0 0 . . .  0
I ~1 1 0 . . .  0

a
2 a 1 I . .  . 0

( 4 . 3 1)

a a a . . .  0n -2  n - 3  n - -i

a a . . .  1n-i  n -2  n — 3

Eviden t ly  ~ is nons ingul a r  and set t ing

=

one may ver i fy  with a little ca lcula t io n that  (-1 . 29)  is t ransformed to

~ = A ~~ + e u  , ( 4 . 3 2 )

n ’ as in ( -1 . 30), remain ing  invar ian t  and

0 1 0 ... 0

0 0 1 . . .  0

(-1 . 33)

0 0 0 ... 1

-a -a -a . . .  -an n - l  n -2  1

The form (4. 32) is known as the control canonical  form for (4. 26 ) .

In (4. 32) the ef fec t  of feedback

u = ~ (= ~ 
-l 

c~~
l x) (4. ~-4 )

is i m m e d i a t e l y  v i s ib le . In the c lo sed  loop system

-7 3- 
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= (A + e k ) r ~

the m a t r i x  has  the form

0 1 . . .  0

0 0 . . .  0

n
0 0 . . .  I

A A A

-a + k  -a i - k  . . .  - a + k
n I n - i  2 1 n 1

The character is t ic  polynomial of + e ~~ * 

A

p ( X )  = X + ( a1 - k
n

)X + . .. + (a 1 
- k 2 )X + (a - k

1
)

and , since its coefficient s can clearly be selected at will by appropriate

choice of k in (4. 34) (and hence of k in (4. 28))  Its zeroes can also

be selected at will , thereby providing a proof for Theorem 2. 9 in the

case of a scalar control .

To give some meaning to t~, shown in (4. 31), let us note that ,

with

‘ 0 0 . . .  0

0 0 . . .  1 0

0 1 . . .  0 0

I i 0 ... 0 0

we have ~~ = ~ 1 and (with denoting complex con juga te )

— T  —

A =~~~ A Z = ~~ A~~ . ( 4 . 3 5 )

-7 1 -
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u s e  - A has  c igenvec t -  r s  v~, v 
- , . . . , v cid eig en v al  U O S

~l ’ ~2 ’ . Then 7. h i s  -as  i t s  e - i - ; - ; v ’ - - t o r s  the dual  ve c - :t o r s

~a~
’1, ‘ 2.’ ~~~ ‘ 

W n 
fo r wh i  -;n (v .. “ j~ 1 n 

F~ and A w . = 

~~~~ 

w~ . Then

~ A ~~. ( 2  v .)  A v . 
~ ~ 

. (4 .  D )

Combin ing  (4 . 3 5)  and (4 .  l i e )  we - see th 1t

~~ ~~~ , = -
~~~, ~~J )

and we conclude that  
~ ~~~

. is an e::-iqenvect or of ~~ cor re sponding to

the e igenvalue p .  . But , since

-l
A = ~~~ A ( ~~~)

the e igenvec to r s  of have the form ~ w ,, where the w . are the

elgenvectors of A . Hence

w . = ~ V . (4 . 3 7)

for some ~ 0 , 1. e .,  ~ * t akes  the vector w , of the dual  bas is

(w 1, va 2, . . .,  wn
) into a scalar  mul t ip le  of the “ order reversed” comple> :

c on j ugate of the c o r r e s p o n d i n g  element  v . of the or iginal  basis

(v 1, v , , ~~~~~~~~ 
v )  . This will  be s i g n if i c a n t  in a later  comparison.

Our next ob jec tivi -  is toe develop, for (4 .1 ) ,  ( - 1 . 2 ) ,  a control  canon-

ical form ana logous  to (4.  32. ) ,  (4 .  3 t )  and playing a comparable  role with

re spect to spectral  de t e rmina t ion  via feedback.  Let wk ( t) ,  -c  < F < ~~ ,

denote a solution sequence of (4 .  13), i. e .,



-

dw
k

—
~~~~~

— = a -~~w~~ +~~~~u ( t )

lying i r a  G ( o f .  (4.  20) ff)  for all t — which is true if It lies in G for

a ny t . We use the control- to-s ta te  map C exhibited in ( -1 . 20)  to de-

f ine  a new var iable  t~, = ~~ (t , T)

2 a- (2 -T )
w

k
(t )  = (C ~~ (t , . ) ) k

(t) = f e  
k 

~ (t , T)d T  . (4. 38)

The i n v e r s e -  map ,  from (4. 18), is

— 
Y

~ 
w

k
(t )

~ (t , T) = g Pk
(T )  . (4. 39)

k = _ ~ k

Our t a sk  now wil l  be to see how the dynamical  equations (4. 13)

for the w
k

(t)  are t r ans formed into dynamica l  equations for r, (t , T)

under  the above t r a n s f o r m a t i o n .  Before doing so, however , it will be

usefu l  to cons ide r -a  cer ta in  re la t ionship  which is sat isfied by the ex-

ponent ia l  func t ions  e
a- k

t 
. If we had a- k 

= a + k~ i we would have

a- k
2 (a +k ir i )2  2a a 

a- k 0
e = e  = e  ( = e  e

and every l inear combinat ion
a’, t

r ( t )  = 
-cç-\ r e

would l ikewise sa t i s fy

2a
r( 2)  = e r (0)  .

Let us  form the funct ion

-7 6- 
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~~~~~
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~~~~~~~

- -

p( t) = ~ (e k 
- e

2.U
) p- ( t )  . (- 4 . -I l)

k = - c

1 1 2a 1 2.m~ Ia- k
2 ~~~~~~~~~~~~~~ 2.~. 

‘~~D— ) - -- e  ( l e u ~~( — ) ) e +~~~(~— )
Since e = e = e e the

a- k~
2
~ kser ies  ( - I .  - I l )  converg es  -and p~ ~~~~ 2 ] .  Si n c (e , p .)  -, = 6

~ L’ [0 , 2 J
2 a- ( 2 - T )  2 a- 2. , a- ( 2 - r )  a- 2r k — 

k ~ m r k kj  e p(T ) IT = 5 (e - e ) ~ P
k

( T
~~~~~

T = e - e
0 0

Each l i n e a r  combina t ion  (4. 40) ~v i th  tmT k = k in f 
~ (i-) consequent ly

s a t i s f i e s

r ( 2 )  = eZe 
r(0)  + 5 p ( 2 - T )  r ( T ) d T

To find the dynamica l  equat ion  sa t i s f i ed  by r~ (t , T) we d i f f e ren t i a t e

(-1 . 39) fo rma l ly  and then use (4. 13) and (4 .  38) :

dw
k

= 
,

~~~ ~~~ 
~~~~~~~~~~~ 

=dt ~~~ gk Ic

-c a- w ( t ) -~- g  u ( t )  
____

= 
‘ci k k  k

g kF - - k

2 a-~, (2 - T )  
— _____ 

-c

= V a- k 5 
e - 

~ (t , T ) d T  p
k

( T )  + u ( t )  
~ Pk

(T )
k = - e  0 k = _ c~’

= ( i n t eg ra t i ng  by par ts)

2 a- (2 - T )  —

= 

k =~~r 
(5  e k ~~~~ T) 

dT ~ Pk (T )

+ 

k~~-~ 
~ (t , 0) - ~~ (t , 2.1 u ( t ) )  pk (T )  (4 .  4 2 )

~~ - - - ~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- --- - - ---- -‘-
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A i d i ng and sub t rac t ing  ~~~~ ~~(t , 0),  the second sum above hecon :i s

- e2.” ) ~ (t , 0)

( 4 . 4 3 )

k~~- 
(e

2a 
ç ( t , 0) - ~ (t , 2) ~ u ( t ) )  p

k
( T )

The second sum here is ju s t  a m u l t i p l e  of “ p
k

( T)  which can be
k = -

shown to be the d i s t r i bu t ion  ô ( 2 - T )  . We e l imina te  it by requ i r ing

—
r~, ( t , 2) = e l~(t , 0) 4- u ( t )  . (4 . 14)

From (4 .  41) the f i rs t  term in (4.  43)  is seen to be j u s t  p( -r ) r, (t , 0) . So

now ( 4 . 4 2 )  gives 2 a- ( 2 - T )
~- k SH t  T)

- — 
( (  e ~~ di- )

d f (t  TI ~~~ 0
= 1 p (-r )La g k- k = -  k

-I- p( -r ) ~ (t , 0)

But the sum above is j u s t  (see (- 4 . 38) and (4. 39))  C~~ C(~~~ ) = . So

wr- have

—
= -~~-- 4- p( -r ) r~(t , 0) . ( 4 . 4 5 1

The equat ions  (4. 45)  and (4. 44) cons t i tu te  the control  normal  form for

(4. 13) (hence ( -1 . 1), ( 4 . 2 )  and should be compared with (4.  29 ) ,  (4 .  30).

The above der ivat ion  is en t i r e ly  fo rmal .  In [95] It is jus t i f i ed  by

makIng use of the observat ion  normal form for the dua l  observed system.

To pass  to the control canonica l  form we employ a t r a n s f o r m a t i o n

-7 8-
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— - - f  ‘ C OII V ) I u t i - - r e  t v p  u - - h rr e y n e -  r~- g - c r c uc ’i as a d i s t r i b u t - - - :

an a l -  -
~ 

e l  ( I  - 3 1) :

ç ( t , T) = el ~ ( t , . )) (r) - ~ ( t , - r)  - 
5 

p (T ~~~~) ~( t ,~~)da - . (4 . - b )
0

Su b s t i t u t i n - ;  t h i s  e cxpr e s s ’ior i  ins ( - I . H)  we (a cc-

(~ t , 2. ) - f p ( 2 - a ’)  ~ ( t , ) 1 o  ~~
-
~~~~~‘ t t , 0) u ( t )

0

w hi m’’’ , r~- nsa m ing the ‘‘ - e n i e - eb le -s f i n t e g r a t i o n ,

~ D , 2 . )  = e ~ (t , 0) ~ I p( 2  - T )  ~ (t , T ) d T  f ~ (t )  . ( - L 4 7)

0

-fo see h - a .-,’ (4 .  - 15) t r a n s t u n n a - ;  w ’- observ e tha t

ci i  D ( ‘  -
r )  —

0 - ~~~~~~~~~~~~~~~~~~~ 
— p( -,- ) ~ (t , 0)

= ~~~~(~~(t  i-
~ 

- p(~~-a’) ~(t , a - ) d a - )  

—

- 
cIT 

(~~(t , T) - f p(T ~~a-)  ~ (t , a-) da-) - p ( i -)  ç ( t , 0)

- ~~~~~ ~~f p ~~~a-) ~ ( ( t 1 a -)  
da- 

OH t , n )  
p (0)  L ( t , T I

d p(-r _ a- ) —I O T  
L ( t , a -)da - - p(~ ) ~,(t , 0)

0

Noting tha t  = - 
O p (i - a-) and i: t e - g r a t i n q  by part s in the sec. - n - i

i n t e g r a l  above we obtain

- 
51,( t , r) 

= (~~~(t ~ a )  
-

from which we conclude tha t  

~~~- - -~~~~ ~~~~~~~~ ---~~~~~~~~~
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ci~ I ’  u t  ( t
- _____— 0 . (-I . -I I’ )

Now I I .  48)  shows that  ~ is c o n s t a n t  on l i n e s  t - = c ( c o n st an t ) .

W ’- may therefore  wr i te -  ~ as t (  4- T )  a n ; - I  (4 .  47 )  becomes

= e
2 C

~ ~ ( t )  + 
5 

p ( 2  - T )  ~~( t + T ) ’ i T  u( t )  . ( 4 .  4 ) )

This is a neu t r a l  deo iy equa t ion  which c o n s t i t u t e - s  the - c o n t r o l  canon ica l

form for the sys tem (-1 . 1 -;) (hence (4.  1) .  (4 .  2 ) )  . The d i s t r ibu ted  p ar t  of

the delay vanishes  when 1( x)  U in ( 4 . 1 )  since e k 
= e2’

~ in tha t

case for all F and p (cf.  ( 4 . 4 1 ) )  is thus  iden t i ca l ly  equal  to zero .

This  canonica l  form should be compared with (4.  3 2 ) , (4 .  33) of which it

is a d i s t r i b u t e d  analog .

lust  as the control  canonica l  form for  f i n i t e  d imens iona l  sys t ems

enables  one to see t h a t  e igenva lues  of the closed loop sys tem can be

placed at will by appropria te  choice of the feedback vector F ’ , the

canonical  form j u s t  obta ined can be used in a sir i l a r  way with re spect to

t he sys tem (4. 13) (or , e q u i v a l e n t l y , (4 .  1), (-I . 2 ) ) .

Let  us suppose tha t  we de t e rmine  the control u ( t )  by means  of the

l i n e a r  ~eedbacF l aw

w ( ~ t)u ( t )  = 2 
‘ , k , (4.  50)

w ( . , t) L
2

( [0 , lJ ; E 2 )

‘~‘.-here

k = 

(~~~~~~~) 

E L
2

( [0 , l] ;E
2

),  k V k . & -
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The’ d o  - c - - i  loop s y = t e ’m  thus  o b t a i n e d in v o l v e s  addi t ion  of a “ d y ad ic

opera tor ’ to t h e -  genera to r  L( ’
2. ) ( c f .  (4 .  o s ) :

= Lk
(
~~~

) = (~ ~
) 

~~ 
(
~~ ) + B (x)  (~~ ) -r g (x)  ( (~~ ), k ) .  ( 4 .  51)

Our next o b j e c t i v e  is t o  i n d i c a t e  how th i s  closed loop sys tem t r a n s f o r m s

u n d e r  the -act ion of the mapp ings  C and ~ above (cf . (4.  38) ,  ( 4 . 4 6) ) .

In t e rms  of the var iab les  p o - s e n t  in the sys tem ( - 4 . 13) it is clear

that  the feedback law (4. 50) mus t  t ake  the form

u( t )  = ~~~ F . w .( t )

and , by vir tue of (-4 . 38~ in t e rms  of the variable  ~ of the control normal

form we have

2 a’ , ( 2 . - i - )
u ( t )  = V k . g ,  

5 
en 1 (t , T ) d T

j~~~ c 0

From (4. - 16) we then have

2 a- ,( ? - T )
u ( t )  = V Ic , g, 

5 
e ~ ~ (t , T) dT

~ 0

- 2
= Ic , g ,  

5 
(~~~~e ) ( T )  i~(t , ’r) di-

j = _ f _ 0

The fol lowing proposit ion is perhaps  the most impor t an t  and most d iff i -

cult  of the whole theory.  We refer  the reader  to [95]  or [96] for (two

d i f f e r e n t )  proofs and more de ta i l s .
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P r u n - s i t i - n n 1 . t .  i - i -  
- e ) ( T)  = ~3 ;~ (2 .  -T )  w h e re  n . is th- -

b iot h -~-g - n a l  f u n c t i o n  ‘i e : f ine d  by (- 1 . 17) m d  0 ~ b ~~~(1- . < B , — ,  < j < f

The r e su l t  ot  ,te-cI in th is  p ~sit i on  is nr c ’-  - i c r - I  y t h e  ana log  of

the f - r rnu l c i  ( 1 .  7 )  developed ear l ie r  for the f in i te  d i m e n s i o n a l  case,  In

e d d i t i o n t h i s  o - c u l t  shows  t h a t  the m a p  ~ is , -y ,r c ep ~ for a t r iv ia l  change-

cc f in  iepenclent  v ar i a b l e , the map used by N. Ban I n her  t r ea tmen t  of

Riesz  bases (see d iscussion  and re fe rence  in [66]).

We f ina l ly  have , then ,

2 
_ _ _ _

u ( t )  = ~ k , g ,  
5 P~ P~( 2 - i - )  ~(t , T ) d T

0

2 
___________

5 k g (Z ~~T) ~(t , T)dT (4 .  52. )
0

where

k g (t )  = k~ ~ P~ P~( 2 -  T) . (4.  53)

Consequent ly ,  in t e rms  of the canonical  variable ~, the closed loop

sy s t e m  (4 .  51) becomes (cf.  (-4 . 4 ° ) )

~ ( t +2 )  = e
Za 

~(t) + 5 (p ( 2 - T) + k
9

( 2 - T ) )  ~( t + i - ) d i -  . (4.  5- 4 )

We see , therefore , that the control canonica l  form has  the property of

being invar iant  under  feedback.  A feedback relation (4. 50) jus t  modif ies

the kernel p(2 - ’r) in the dis t r ibuted delay term. It is th i s  invar iance

property which enables us to s tudy  how the spectrum of the closed loop

- 82-
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sys tem (4 .  51) can h e -  modi f ied  when u obeys a fc -e ;db , i rk  law ( -1 .  50) .

The main  r e s u l t  is

F h e - - n -m 2 .  Let d i s t i n c t c o m p l € - x u u r r ; b r - r s  p~, —~~~~ < j < ~ , be se le - : t cc - i

w i t h  t he  pc rty

a- , - p, 2
V ____ 

< . (- 1 . 55)
9j r ~~ f

Then th er e  is a f eed hac -k  ve c t o r  func t ion  k E L~ [0 , 1] for which the

closed loop sys tem ( -1 . 51) has  precisely the e igenvalues

Sketch of Proof. Consider  a s y s t e m  (cf .  (-1 . 13))

A

d w -

having the desired p .  as e i g e nv o l u e s .  k cc - Iuc’i ng th i s  sys tem to canonica l

form one obta ins  (cf .  (4.  -l ~~))

2
s 2) = e~~

’ ç ( t )  + 5 q (2  - T)  ~ (t ~T ) d T
0

where ( cf. (4. -I l ) .  (4 .  17))

p . 2 2~q (T )  = La (e - e ) q ( T )

j . .

2 p (2 - i - )  
____

I e °k~
i-
~ 

dT = 6~ .

0

To realize the p .  as e igenvalues  of the closed loop system (4. ~1) it is

necessary and su f f i c i en t  tha t

- 8 1-
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p(Z -  T) + k ( 2 - i - )  = q ( 2 - T )

Refe r r ing  to (4.  52) we see tha t  the q u e s t i o n  is whether  on not there is a

2

sequence {k , ) with ~ kj  < -r such tha t

-/-

‘

~~ k . g . 13 . p~( 2 -  T)  q ( 2 - i - )  - p ( 2 . - T )

j~~~~~~r

With a ra ther  simple ca lcula t ion , which j u s t  involve s the es t imat ion  of

the expans ion  coeff ic ient s of q ( 2 - -r) with respect  to the func t ions

p ( 2 - i - )  it is shown in [951 that this  can be done if the inequa l i ty  (4. 55)

is sa t is f ied .  The calculat ion does not show th- -m t (-1 . 55) is necessary but

it does indicate  that  rio s ign i f i can t  improvement  is l ikely .

We have noted that in the case of boundary  control ( (4 .  21), (-4 . 22) ,

(4. 23) )  the (cf .  (- 1. 2.- i )) are bounded and bounded away from zero .

It can be shown in this case that , by u t i l i za t ion  of feedback r e l a t i onsh ips

of the form (-4 . 50) , one can real ize values  p~, ~~~ < j <~~~, for the closed

loop system provided

2
~~~~ 

- P~ I < . (-1 . 56)
j = -~~

In both cases , (4. 55) and (-4 . 56) ,  any f ini te  subcollection of the points

of the spectrum can be moved at will.  Indeed , the whole s pectrum can

be moved “ at will” in a sense. If one selects a sequence of disc
°(‘ r 2

- ~~ 
j < c

neighborhood s N . of rad ius  r centered at a’ with —

2
“ I r I < in the boundary c ontrol  case)  then the p . can be placed

j~~~c
- at  wil l  in the neighborhood s N~

-84 -
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I t , in  m - l d i t i o n  to h i v i n g  b o u n d - c r y  c ccr ; t rol , as in (-1 . 21) , (4.  22) ,

- 1 . 2 . 3 ) , one u k - - w i - u ’  pe r m i t s  h e u n d : i r y  - ‘ - d b m c k , e .g .

u ( t )  = a
1 

w 1
(l , t)  + 13~ 

w ( l , t )  + ( (
W

) k) 2 2w L ([0 , l]; E

We then obtain , as the closed loop sys tem , ( 4 . 2 . 1),

(a 1 
- a

1
) w’(l , t)  ( b

1 
- 13k ) w 2 (l , t)  = ( (

W
) ~~~ 2w L ( [0 , l ] ;E ” ) ( 4 .  57)

In th is  case one can change the “base  point ”  a (cf.  (4.  9))  of the

spectru m to any other desired base point 3 and (4 .  56) is replaced by

~~~~~~~~~~ 
‘ H - - (a - p ) j 2 

-

Thus the asymptotic vertical line along which the spec t rum is located

can be moved and then square sunamabl a changes  in the a’ . can be

carried out as well.

One of the outs tanding  problems remaining  in th is  area is to extend

the notion of contro l canonical  for m from the very special c lass  of dis-

tr ibuted systems considered here to , f i r s t  of all , h igher  d imensional  hyper -

bolic sys tems and parabol ic  sys tems and , secondly, but even more

fu nd amen tall y, to a general  abstract  framework wh ich will  include a large

c l a s s  of l inear dis t r ibut e- - i  parameter  sys tems . While very l i t t l e  can be

said now about such a project it is safe  to predict that  the “control  to

state  map ” C and the map ~ , which we have seen re la t e s  a R iesz

bas i s  to its dual  bas is , wil l  r ema in  impor tan t  in the theory .

-~~c- 
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5. BOUNDARY CONTROLLABILU~ THEORY FOR HIGHER D I M E N S I O N A L
HYPERBOLIC SYSTEMS

In contras t  with the re la t ively complete theory which we have seen

to exist  for hyperbolic  eq u a t i o n s  involving only a s ingle space v a r i a b l e

x , conf ined  to an interval  0 < x ~~
- 1, the control and observat ion theory

fo r nrcc - -esses t ak ing  place in m u l t i - d i m e n s i o n a l  r egions is quite  p r imi t ive .

This is due to the fact tha t  the charac te r i s t i c  surfaces  ar is ing in such

pr hl e mz are nowhere near as cons t ruc t ive l y usefu l  as in the one d imen-

sional  case. Never theless  such theory as does exist  does not lack

in t c -n r ~-~~t , as we shall point out.

Vir tu a l ly  the only mul t id imens ional  hyperbolic control process

which has  received any a t ten t ion  is the scalar wave equat ion , which we

shal l  wri te  here in the form

2 n -a w  ~~~ 
a ~ aw

p( x ) —
~~

-- - 

~~
, 

—j -- (a (x )  —j — )  0 (5. 1)
at i , j = l  8x ax

where p (x ) ,  a , (x) are real valued funct ions  of c lass  r~
2 in the closure

ii

of i . , a bounded open connected set in R~ with piecewise smooth

(plus other cond itions as required for exis tence , un iqueness , e t c . )

boundary F . It is assumed th at

p( x ) > p
0 > 0, x € Li . ( 5 . 2 )

(w , A(x)w) n ~ 
aO II w II n, a0 > 0  , (5 .  3)

where A(x) is the n X n symmetr ic  mat r ix  with entries a~~(X)  . The

conditIon (5 . 3) is , of course , the f ami l i a r  “ uni form el l ip t ic i ty ” condi t ion .

- ~~ U -
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We denote  by v(x )  the ( c i r n o s t  everywhere defined and u n i q u e )

un i t  , ‘x t e - n i o r  normal  t e e  F = 3~~2 et x € F . We assume F div id E -  i i n t o

two par ts

F = F 0 
Ut’

1, 
F~ f l r ’1 = $  , ( 5 . - b )

w i t h F 1 
n ccn~ e - n g e t y  -a nd r e l a t i v e - l y  open in F’ . Also , un less  exp l i c i t l y

s t at e d  to the - o r i t r er y , we- will  a s s u m e  F0 to have a n o n - e m p t y  in-

ter ior  as -.-.‘c. 11.

The Hc-a now is t h a t  c s n t o — l  wi l l  be exercised on F
1 

while  o n l y

n a t u r a l , passive - - on s t r mj n t s , in t h e  form of boundary  condi t ions , will

- a - c t on F0 . This s t i l l  l e ave s  a number  of poss ib i l i t i es  for d i f f e r en t

type s of control  a p p l i c a t i o n  and d i f f e r en t  type s of cons t ra in ts .  To

avoid inessen t i a l  c o m p l i c a t i o n  in t h i s  exposi tory t rea tment  we shall  con-

sider  only solut ions  w = w(x , t) of ( 5 . 1 )  for which

w(x , t)  0 , x c F
0 

( 5 . )

(~-( x) ,  A (x )  (x , t ) ) n u(x , t ) ,  X E F
1 

( 5 . e)

u being a scalar  control  func t ion  res t r ic ted to lie in L
2 (F

1 
X [0 , T]) for

any f ixed  T > 0 . Thus , again , we are concerned with a “ boundary

control” .

It Is by now an almost  c l a s s ica l  resu l t  tha t  if one gives in i t ia l  da t a

w ( x , 0) = w0
( x) , x € Li , € H m (~~) ( 5 . 7 )

m - l
-

~~
-
~~
- (x , 0) = v

0
( x) ,  X E  Li , V

0 
( H (i~) , ( 5 . 8 )

-)~7 -



_________________________________________  - - - - - -- —- -

(where  H m
(Li) is the u s u a l  Sobolev space [ l J )  and if appropr i a t e  cons i st enc- /

- o - n d i t i o n s re la t ing  w
0 , v

0 
to the boundary condi t ions  (5. 5), (5.  6 ) are

met , t hen (5. 1), ( 5 . 5) ,  (5 . 6 ) ,  ( 5 .  7) , ( ‘ . 8) has  a un ique  genera l i zed

solut ion w € ~~ ([0 , -~~~~
) ;  H

m
(~~) C I C  H

m l (Li) ) in the case where u (x , t) 0

When a s imple mat ter  to re la te  regu la r i ty  of u to regu la r i ty  of the solu-

tion w - An extensive t r ea tmen t  is presented in [58], [59] . A ra ther

s imple  and expl ic i t  (negat ive)  example  is provided by Graham in [33]  for

the case where  Li is the ball  in ~n
, p ( x )  1, A(x) I, F

1 = F = 8~

F 0 
= $ . There it is shown that  controls u E L

2
(F ~ [0 , TI) are capable

of producing s ta tes  (w( • , T), v(~ , T) ( e  —
~~

-
~~
-(

~~ 
, T)) )  which are not “ f in i t e

energy ” s ta tes , i . e .  do not lie in H1
( il) ~~~ H

0
(Li) . T h i s  “ excessive”

ef fec t  of controls  u might seem to promise ra ther  strong cont ro l labi l i ty

results  but , in fact , it leads to considerable d i f f i cu l ty  in some theorems ,

as we shall point out in Section 6.

The basic “ approximate control labi l i ty ” result appears  in [88], [891

The approach was suggested to the author by J. L .  Lions in a private

correspondence and takes the same form as a comparable resul t  for the

heat  equat ion proved in [57]. (More on this  in the next section which

t rea ts  the heat equat ion) .  As is usual ly  the case with theorems of th is

type , it is pro ;-cJ in the context of the dual i ty  s tructure d iscussed  in

Section 2.

Refer r ing  again to Figure 2 . 1 and the preceding mater ia l  in Section 2 ,

we let
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- -  1 0
= Z { (w , v) H ( Li) - :“ H (Li )  j w (x )  = 0 , X c F 0 ) (5.  9)

w i t h  the HUb er t  space s t ruc tu re  induced by H 1(il) - I -  H
0 ( 12) . The map

Z is de f i ned  for a fixed -r -> 0 by

S(w 0, v0
) = (w (

~ , T), v (
~ , T)) , (5 . 10)

w (  , T),  v (
~ , T) (= ( • , T)) being the s ta te  achieved at t ime t = T by

the gene ra l i ze  solut ion w , and i ts  t ime  der ivat ive  determined by (5 . 1),

( 5 . 5) , ( 5. 6) (wi th  u 0), (5. 7) and (5. 8) (with m = 1 ) .  We let

Y =  L2
(F 1 x [ o , T])

and def ine

Cu = ( w ( . , T) ,  v ( . , T)) (5. 11)

where w is the solution of (5 .  1), (5 .  5) , ( 5. 6) with

A A aw
w ( ~ , 0) v ( .  , 0) (~~~

—
~

-
~ (~ , 0)) 0 . 

- 
( 5 .  1 2)

We have remarked that  we cannot  be cer ta in  that  (
~ (

~ , T), V (
~ , 

T)) E Z

for a rb i t r ary  u E L 2
(F 1 

X [0 , T]) . Hence C is , in general , an unbounded

operator , as ant ic ipated in Section 2. We take the domain  of C, ~ (C)

to be the subspace of Y = L
2

(F 1 
)( [0 , T]) cons i s t ing  of u for which

‘
~~~ 

(
~ , T), v( , T) does , indeed , lie in Z , as def ined  by (5.  9) (note

tha t  S and C are constructed jus t  as in Section 3, but in that  section

C was a bounded operator) .  We- r emark  tha t  the f iot  t ha t  ~ (C) is dense

in Y fol lows from the fact  (see [8~~1, 1~9i) that  ~ (C) conta ins  al l  func-

t ions u € ~~ ( F 1 
X [0 , Ti) whose support  is cm closed subset of the interior  -

S

of F 1 x [0 , T] . 
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Now let y = y(x , t )  be a so lu t ion  in Z of

2. n -g j a y
p( x) 

~~~ 
- 

~ 
—j - (a (X )  ) = 0 ( 5 . 11)

c i t  i , j = l  ax dx

s m t i c f y i n g  boundar y  condi t ions

y(x , t) 0 , x € F 0 
( 5 . 1-1 )

a

( v ( x ) ,  A( x) ~~~~~~ (x , t ) )  
~ 

= 0, x € F 1 
. ( 5 .  1~~)

E

We introduce the energy form on X = Z :

E(w( .  , t ) ,  v(~ , t ) )  = ~ 5 [p( x)  v(x , t ) 2 
+ (

~~ 
(x , t) ,  A(x) ~~~~x, t)~~ Jdx

(5 .  16’~

and the related “ energy inner product”

( (w ( . , t) , v( .  , t ) ) ;  ( y (~ , t) ,  z( .  , t ) ) ) E

= f [ p (x )  v(x , t) z (x , t) + (
~~ Hx , t ) ,  A(x) (x , t ) ) n ] dx

for which ~-J 2E is the associated norm. Letting w, v = ~~~ y , z =

s a t i s f y  (5 . 1), (5. 5), (5. 6) and (5 .13) ,  (5 .  14), (5.  15), respect ively,  a

formal computat ion (which can be jus t i f ied , us ing ,  e. g. , the method s in

[59]) shows that

T), v( . , T) ) ;  ( y (~~, T), z( .  , T ) ) ) E 
- ((w(  , 0), v( . , 0) ) ;  ( y(~~, 0), z( . ,

T

5 5 z(x , t) u (x , t )d s  dt (5 . 17)
0 F1

-90-
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w h e r e -  ds is the  o l e n a c a t  f SW t , i c (j are - I  on F

If we o w  m e p l , m e c -  (w , v) le,’ (w , v ) ,  the  s o l u t i on  of ( 5 . 1), ( a .  5) ,

(5 .  r - )  w i t h  w ( . , 0) v (~ , 0) 0 , we f i n ’ )  tha t  (5 . 17) be c :o i j -s

~ i , (y(~ , ‘1) , z ( . , 1 ) )  ~~ z)
L~ (F 1 x [0 , r l ) ( =  Y)

w h i c h giv e -s  (C now he- Lag -ci i t i m n ~-~ ii t e r m s  of 
~ ‘ 

~

-1’
C (y (~~, I’) , z (~~, T)) = Z~ , ( 5 . 18)

i”1 x [0 , TI

i. e. , C ’ a ssociat es  with  t h e  f - i  s ina I  s tate  (y ( .  , T), z ( -  , T)) the ob—

se~~ ati om a which is t i m e  r e s t r i ct i o n  to F 1 >< [ i t , T] of z( >. , t) ~~~(n , t ) ,  y

be in g  the so lu t ion  - m l  ( 5. 13),  ( 5 .  14) ,  ( 5 . 15) wi th  the  i~ad ic cm t ec J t~- r i c a i i i - a l

st - at e  (y~ , I ) , z( ’ , 1’) ) . The- ‘- 1~~i im a icc  of  C C a J m C S 1 S I S  of ft -se (y ( ~ , 1’)

z(~ T) t an  -ch i c l i  z L
2.

( i~ x [0 , 1’]) . ( N - -t i - t h at  the ‘ t race  the orem ’

([ I ] ,  [~ 8i) only gi ves  z e ~ ([ (4 , ~~: H

If we let (w , v) be- w , ‘ i) ,  the so lu t ion  of (5.  1), (5. ~), (5 . 5) ,

( 5 . 7) ,  (5 . 8 )  with m = 1, ii  0, we find that

( S(w 0, v0
); ( y(~ , T), z(~ , T ) ) )  

E 
= ( (w 0 , v0); (y( . , 0) , z( .  , 0 ) ) )

so tha t

T) )  ( y ( .  , 0),  
~~~~~~ . 0) )  - ( 5 .  I ’ )

V - e should rem ark  here that  if F 0 
h a s  m i o n - e m p t y  i n t e r i o r  the

energy norm ~c t .  (5 .  16) f f .  ) is equ iv - a l c -  at  to  t h e  i n e i u ~ od n - nm n in

Z C H
1

( ~
) dl H

0
( 12) and Z , with t h i s  norm , is a Hu bert sp - cc  ~~‘

— ~ I —

- - - 5 - - - _
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i s e mp t y ,  the ir i s- n t c n t  c a s e  w h e r e c i c -  (5 . 1 )  -app l ies  on - e l i  of

I’ — iN , t hen  t h e  ene r g y  ( 5 . f t)  van i she s I I ‘N cons tan t , v = 0 and

is - sly  a s e m i- n o r m .  I f , how v e - r , v.’ - ident i fy  ct  c ’~~s which d i f fe r

by a ~i t  e t c  (C , 0) ,  c coast  m n t , then ‘, t I is a co rn s and the  r e s u l t i n g

H i lb i  nt sp a - - s . w t m i dm w~ shal l  s t i l l  ca l l  ~~
‘ 

- , i s e q u i v a l c -n t  to the  -crthoc ’ —

onal complement  of ( c - , 0~ in Z C kl ’( N )  d -  H
1
ft) . -rhese conventions

will  be t ac i t l y  a s sume ’~ in the sequel .  In - i c y  event the ad jo in t s  S
*C are well d e f i n e - I , modulo th - - se  convent ions , and if they are con-

fused wi th  the ad jo in ts  d c - f i n n) re la t ive  to the usual  inner product in

Li) -P H
0

(~~) l i t t le  damage  wil l  resu l t .

Approx imat ~a cont ro l labi l i ty  of (5 .  1), (5.  5) , (5 .  6) , i . e .  of

-~X , Y, Z, S, C) , is assured  if v,-~ e s tab l i sh  observabi l i ty  of ~~~~ S
4

, Z, Y, x }

In the  c u r r e n t  context  th is  means  we should show:

Z~ = 0 in L 2
(F 1 X [0 , T])

F1 
x[o , T]

(5. 20)

~~ S~~( y( .  , T), z( . , T)) (y( • , 0) ,  z( . , 0))  = 0 in

If th is  is t rue then (5.  1), (5.  5), (5. 6) is app iox imately  controllable in

the sense that  each in i t i a l  s tate (w 0 v
0 ) can be steered arbit ra r i ly

close , in the energy norm , to the zero s ta te  at t ime T, using a control

in L
2

(F 1 X [0, T}) . However , since this  system is t ime reversible , one

readily sees that  this  is equivalent  t a  the question as to whether  one can

steer from any state (w0, v
0

) € Z to a s t a t e  mrh i t r a r i ly  close to any other

- 92-

L _ _ _ _ _ _ _ __  _ _



- - - -__ ,-, -~~ , , 
- — - ,_, -. .. :~~~r-’---.”—’--’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— V-- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

“v 1. v~) ‘ Z with  re spect to t h e -  t ap - c - l o gy  - ~ E~ 
Z wi th  the E no~ ri ,

- e s  r i - i t - - -  e a r l i e r ) .

Let i s  st op  er ol cons ider  w h a t  ( 5 . 2.0)  m m en s .  We - - er e  g iven a s o l u —

ti- o n y = y(c .c , t )  of (5 .  13).  ( 5 . 14), (5 .  15).  Condi t ion ( 5 . 15 ) is

‘Sly( 1~(x ) ,  2 ( X )  -
~~

—— (x , t ) )  n = 0 , x c  F
1
, 0 < t < T

F

whi le  t h e -  :-r er n i s e  of ( 5 . 2. 0)  i s

z (x . t ) - ~f(:.c . t )  = 0 , x c  ‘ l’ 0 < t < T . (5 .  21)

If we i i f f ” r e - n t i a t e  (5 .  15) ,  f o rma l ly ,  wi th  respect  to t , we h a v e - , in i ts

place ,

( t - ( X ) , A(x )~~~ ( c-c , t ) ) ~~~ = 0 , x c  F . ,  0 < t < T . (5 .  22)

Now ( 5 . 2 . 1 ) ,  ( 5 . 22)  const :tu t e  zero Ci tuchy  da t a  fo r  the solut ion z

of H . 13) on F 1 
- - [0 , 1  . The ques t ion  is then  seen to be one of un ique-

ness;  if th e se eu -hy da ta  are zero ~ .i it N ie t ha t  the solution z is

zero ?

The fact tha t  ~he le t - a  ( 5 . 21) , ( 5 . 22)  are given on the “ t i m e - l i ke ”

(cf . [11]) surface F
1 

X [0 , TI does n -:- t permit us  to u se  the usua l  exis tence

and regu la r i t y  n~’su1ts for hyper bolic in i t ia l -boundary value

problems.  N ow n v~~r , our problem is ncat one th at has  been h i s to r i ca l l y

n e g le ct e d  as  it f a l l s  into a c lass  of u n i q u e n e s s  problems s t u d i o - )  by

H o l m q m n  [10] , John [-1 3] and o thers .  A s t r eng thened  and nc nd r ’r , l i ’ - -

version of these u n i q u e n e s s  theor ies  appe ar s  in H a ~rnander ’ s bc -

- ( 4 3 -


